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This paper studies the free vibrations of prismatic beams resting on Pasternak foundation. Special attention is given to the consideration of the
bending–twist deformations of the beams. The governing differential equations of the motion are derived by imposing the dynamic equilibrium of
a Timoshenko beam element. Differential equations are solved numerically using the combination of the Runge–Kutta and Regula–Falsi methods.
The results of some cases are presented, and are analyzed to highlight the effects of the end constraint, rotatory and torsional inertias, aspect ratio,
thickness ratio, beam stiffness, and foundation stiffness on the natural frequencies of the beams. The natural frequencies of the present model are
validated by comparing to those from model tests.
& 2014 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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Beams resting on a ground surface that include footings and
pipelines present very common soil–structure interaction
problems encountered in geotechnical engineering. A good
knowledge of the natural frequencies in dynamic problems is
essential in the design of such structures, especially in the case
of those subjected to dynamic loads generated by earthquakes,
blasting waves and other sources (Morﬁdis, 2010; Allani and
Holeyman, 2013; Ghazavi et al., 2013; Sapountzakis and
Kampitsis, 2013a, 2013b). Therefore, a free vibration analysis
is an important part in the total investigation of the system.
In a vibration analysis of the soil-supported beams, the soil
medium is idealized by elastic foundations (see Fig. 1). The
most common foundation model is the Winkler foundation0.1016/j.sandf.2014.11.013
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ss: soj9081@yonsei.ac.kr (S. Jeong).
der responsibility of The Japanese Geotechnical Society.(one-parameter model), shown in Fig. 1(a). In this model, the
soil is represented by unconnected closely spaced linear elastic
springs, which is simple but cannot reproduce the continuity
characteristics of soils. To overcome this limitation, two
parameter models have been developed (Filonenko-Borodich,
1940; Pasternak, 1954; Vlasov and Leontiev, 1960; De Rosa,
1995). A comprehensive overview on this topic is given by
Dutta and Roy (2002). Kerr (1964) showed that the Pasternak
foundation can be a possible mathematical model for the
generalized foundation, which is also stated by other research-
ers (Guler, 2004; Calim and Akkurt, 2011; Maheshwari and
Khatri, 2012). In the Pasternak model, a shear layer of
incompressible vertical elements that resist only transverse
shear is attached to the end of Winkler springs, as shown in
Fig. 1(b). Thus, the two parameters of the foundation reﬂect
the stiffness of the springs and the shear interaction between
the springs.
Numerical studies have been carried out on the free
vibration of beams resting on elastic foundations. ParticularlyElsevier B.V. All rights reserved.
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Fig. 1. Displacement of (a) Winkler and (b) Pasternak foundation models
(modiﬁed from Selvadurai (1979)).
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Fig. 2. Beam on Pasternak foundation in (a) undeformed and (b) typical
mode shape.
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Stephens (1978) presented the general solution of natural
frequencies for ﬁnite uniform beams with different end
constraints and investigated the impact of Pasternak foundation
on natural frequencies. Wang and Brannen (1982) examined
the effect of open angle of vibrating curved beams on the
Pasternak foundation. Yokoyama (1987) proposed a ﬁnite
element method for analyzing the free vibration of shear and
Timoshenko beams on Pasternak foundation. Eisenberger
(1994) also applied the ﬁnite element method to ﬁnd the exact
vibration frequencies of cantilever beams on Pasternak foun-
dation. Naidu and Rao (1995) highlighted the inﬂuence of
initial stress on the vibration behavior of uniform beams on
Pasternak foundation. El-Mously (1999) derived explicit for-
mulae for the fundamental frequencies for the vibration of
ﬁnite beams on ﬁnite Pasternak foundation using the virtue of
Rayleigh’s Principle. Matsunaga (1999) employed the one-
dimensional higher order theory to compute the natural
frequencies of beam–columns on Pasternak foundation. Chen
et al. (2004) studied a mixed method that combines the state
space method and the differential quadrature method to the free
vibration of Euler–Bernoulli beams on Pasternak foundation.
Ying et al. (2008) reported the exact solutions of ﬂexural
vibration of functionally graded beams on Pasternak founda-
tion by two-dimensional elasticity theory. Zhu and Leung
(2009) developed the hierarchical ﬁnite element for a nonlinear
free vibration analyses of non-uniform Timoshenko beams on
Pasternak foundation. The differential transform and dynamic
stiffness matrix methods for a free vibration analysis of
Pasternak foundation-supported beams were used by Balkaya
et al. (2009) and Calio and Greco (2012), respectively. Li et al.
(2012) dealt with transverse vibration of the shear beams
containing rotatory inertia on Pasternak foundation. Most of
the existing literature is devoted to capturing the ﬂexural
vibration along the beam. However, one may recognize that at
the point of contact between beam and foundation, there is not
only ﬂexural deformation but also torsional deformation under
the action of vibration. Few studies have been reported on theﬂexural–torsional vibration characteristics of beam–foundation
system where twist against the cross-section of beams is taken
into account, although there have been studies which con-
sidered the bending and twisting of beams (Rao and Mirza,
1988; Vo and Lee, 2009; de Borbon et al., 2011).
In this study, the ﬂexural–torsional free vibrations of ﬁnite
uniform beams resting on ﬁnite Pasternak foundation are
described. The governing equations of the motion are deduced
by considering the dynamic equilibrium of a Timoshenko
beam element. A computer program coded in FORTRAN
capable of calculating the natural frequencies of the system
was developed. The results of several cases are presented and
the inﬂuences of the end constraint, the rotatory and torsional
inertias, the aspect ratio, thickness ratio, beam stiffness and the
foundation stiffness on the natural frequencies are discussed.
The natural frequencies from physical model tests are used to
validate the present calculations.2. Analytical model
Fig. 2 shows a Timoshenko beam resting on Pasternak
foundation in a Cartesian coordinate system. As shown in
Fig. 2(a), the beam is assumed to be straight and uniform,
having a rectangular cross-section with width B and height H,
which is small relative to its length L. The x-axis is oriented in
the central axis of the beam, and the y and z-axes are in height
and width directions, respectively. Various end constraints
such as free, hinged and clamped ends can be taken as the end
constraint of the beam. Fig. 2(b) shows a typical example of
the vibrational mode shape for the beam. Under the action of
free vibration, the beam deﬂects in the x–y plane, resulting in
producing deﬂection v and rotation dv/dx, which are positive in
the y direction and in the clockwise direction. Simultaneously,
the beam also twists in the y–z plane, resulting in an angle of
twist ϕ, which is positive in the clockwise direction. According
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Fig. 3. Schematics of the analytical model: (a) deformation of beam executing
ﬂexural–torsional vibration and (b) the intensity of subgrade reaction.
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dv
dx
¼ θþγ ð1Þ
where θ is the bending rotation and γ is the rotation attributable
to the shear deformation of the beam (referred to as the shear
rotation). When the beam is bent and twisted, there are stress
resultants at all points along the beam, i.e., the shear force Q,
bending moment M and torsional moment, T. From the stress–
strain relationships of the beam, the three resultants are
expressed respectively as
Q¼ αGAγ ¼ αGA dv
dx
θ
 
ð2Þ
M ¼ EI dθ
dx
ð3Þ
T ¼GJ dϕ
dx
ð4Þ
where E and G are the elastic and shear moduli of the beam,
respectively, α is the shear correction factor (5/6 for rectan-
gular cross-section), and A, I and J are the area, moment of
inertia and torsional constant of the cross-section, respectively.
For beams with a rectangular cross-section, the properties of
the plane area are written by Timoshenko and Goodier (1970)
A¼ BH ð5Þ
I ¼ 1
12
BH3 ð6Þ
J ¼ CTBH3 ð7Þ
CT ¼ 13 10:63
H
B
 
;
H
B
r1 ð8Þ
The Pasternak foundation support is capable of developing a
subgrade reaction with vertical and torsional components, i.e.,
Rv and Rϕ, as shown in Fig. 2(b). The deformed model of the
beam–foundation system for the analysis is shown in Fig. 3
where the Pasternak foundation is denoted by a shear layer
resting on a set of Winkler springs. The subgrade reaction q
corresponding to the vertical displacement y of the beam, is as
follows:
q¼ kwyks
d2y
dx2
ð9Þ
where kw is the Winkler foundation modulus (known as the
coefﬁcient of subgrade reaction) and ks is the shear foundation
modulus. The distribution of vertical displacement of the beam
along the z-axis in Fig. 3(a) is
y¼ ϕzþv;  B
2
rzr B
2
ð10Þ
Inserting y in Eq. (10) into Eq. (9) yields the following
expression for the subgrade reaction quantities of interest:
q¼ kwϕks
d2ϕ
dx2
 
zþ kwvks
d2v
dx2
 
;  B
2
rzr B
2
ð11ÞBy accounting for the pressures shown in Fig. 3(b), the
subgrade vertical and torsional reactions per unit length, i.e.,
Rv and Rϕ, gives, respectively:
Rv ¼ kwvks
d2v
dx2
 
B ð12Þ
Rϕ ¼ 112 kwϕks
d2ϕ
dx2
 
B3 ð13Þ
Note that for ks¼0, Eqs. (12) and (13) are identical to those
of the beam on the Winkler foundation, and for kw=ks=0, the
subgrade reactions are zero, indicating the beam without
foundation. Finally, for a harmonic vibration mode, the inertial
forces against the deﬂection, bending rotation and angle of
twist are supposed as (Humar, 1990)
Fv ¼ ρAω2i v ð14Þ
Cθ ¼ ψRρIω2i θ ð15Þ
Cϕ ¼ ψTρIPω2i ϕ ð16Þ
where ωi is the angular frequency where i is positive integers
(i.e., mode number) with values from 1 to1, and ρ is the mass
density of the beam. ψ denotes the switch parameter of rotatory
inertia (subscript R) and torsional inertia (subscript T),
respectively: If ψ is set to 0, the inertia effect is ignored; if
ψ is set to 1, the inertia effect is considered. IP is the polar
moment of inertia of the cross-section. The polar moment of
inertia for the rectangular cross-section is
IP ¼
1
12
ðBH3þHB3Þ ð17Þ
The ordinary differential equations are obtained by imposing
the dynamic equilibrium of an inﬁnitesimal element shown in
Fig. 4:
dQ
dx
FvRv ¼ 0 ð18Þ
MQ+dQ
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Fig. 4. Forces on beam element.
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dx
QþCθ ¼ 0 ð19Þ
dT
dx
CϕRϕ ¼ 0 ð20Þ
To facilitate the free vibration analysis of the beam–
foundation system, the following dimensionless parameters
are introduced:
ξ¼ x
L
; η¼ v
L
; a¼ B
L
; t¼ H
L
; s¼ G
E
;
Kw ¼
BL4kw
EI
; Ks ¼
BL2ks
EI
; Ωi ¼ ωiL
ﬃﬃﬃ
ρ
E
r
ð21Þ
where ξ is the normalized location of the beam, η is the
normalized deﬂection of the beam, a is the aspect ratio of the
beam, t is the thickness ratio of the beam, s is the beam
stiffness, Kw is the Winkler foundation stiffness, Ks is the shear
foundation stiffness, and Ωi is the natural frequency parameter.
It is noted that the Euler–Bernoulli beams that neglect the
contribution of shear deformation indicate that s approaches to
inﬁnite and Ωi remains ﬁnite.
Substituting Eqs. (2)–(4) and (12)–(16) in connection with
Eqs. (5)–(8), (17) and (21) into Eqs. (18)–(20) yields the
dimensionless governing differential equations:
d2η
dξ2
¼ a1þa2Ω2i
 
ηþa3
dθ
dξ
ð22Þ
d2θ
dξ2
¼ a4
dη
dξ
þ a5ψRΩ2i
 
θ ð23Þ
d2ϕ
dξ2
¼ a6þψTa7Ω2i
 
ϕ ð24Þ
where the coefﬁcients a1–a7 in Eqs. (22)–(24) are
a1 ¼
t2Kw
t2Ksþ12αs
ð25:1Þ
a2 ¼ 
12
t2Ksþ12αs
ð25:2Þ
a3 ¼
1
t2Ks= 12αsð Þþ1
ð25:3Þa4 ¼ 
12αs
t2
ð25:4Þ
a5 ¼
12αs
t2
ð25:5Þ
a6 ¼ a
2Kw
a2Ksþ48sð10:63t=aÞ
ð25:6Þ
a7 ¼ 
12½ða=tÞ2þ1
a2Ksþ48sð10:63t=aÞ
ð25:7Þ
For the above-derived Eqs. (22)–(24), the ﬂexural and
torsional motions of the beams are decoupled. The classic
Timoshenko beam theory is based on the assumption that the
cross-section is homogenous and doubly symmetric (i.e., the
shear center and the centroid of the cross-section coincide),
and the bending and torsional motions are independent of each
other (Bercin and Tanaka, 1997). However, the solution of the
simultaneous equations is divided into two groups, namely,
those of ﬂexural and torsional mode. In other words, vibration
modal shift of the beam can be analyzed, i.e., either ﬂexural to
torsional mode or torsional to ﬂexural mode, depending on the
combination of geometric and material parameters.
Next, let us consider boundary conditions with different end
constraints as follows: at the free end, the stress resultants of
Q, M and T in Eqs. (2)–(4) are zero. Accordingly, the
following boundary conditions are obtained by
dη
dξ
θ ¼ 0; dθ
dξ
¼ 0; dϕ
dξ
¼ 0 ð26Þ
The boundary conditions for the hinged end, implying that
the deﬂection v, bending moment M in Eq. (3) and angle of
twist ϕ are zero, are
η¼ 0; dθ
dξ
¼ 0; ϕ¼ 0 ð27Þ
The boundary conditions for the clamped end, meaning that
the deﬂection v, rotation dv/dx and angle of twist ϕ are zero,
are
η¼ 0; dη
dξ
¼ 0; ϕ¼ 0 ð28Þ
3. Numerical method
For a given set of input parameters, i.e., end constraint,
aspect ratio a, thickness ratio t, beam stiffness s, foundation
stiffnesses of Kw and Ks, and switch parameters of ψR and
ψT, the frequency parameters Ωi can be calculated from
Eqs. (22)–(24) with the proper boundary condition. The
Butcher’s ﬁfth order Runge–Kutta method is used to integrate
differential equations for computing three deformations of
(ηi, θi, ϕi). The Regula–Falsi method is applied to determine
the frequency parameters Ωi based on the determinant search
method (Lee and Wilson, 1990; Lee et al., 2008).
The procedures to obtain the frequency parameter are
described in detail as follows: the coefﬁcients, a1–a7, in Eqs.
(22)–(24) are calculated for given input parameters, and a trial
Fig. 5. Variation of frequency parameters with number of elements.
J.K. Lee et al. / Soils and Foundations 54 (2014) 1202–12111206value of Ωa for the frequency parameter is assumed to be zero.
Since the governing ordinary differential equations are
regarded as an initial value problem, Eqs. (22)–(24) are
integrated in conjunction with the three sets of boundary
conditions including virtual values at ξ=0, not deﬁned in
Eqs. (26)–(28), by means of the Runge–Kutta method, and the
solutions of η, dη/dξ, θ, dθ/dξ, ϕ, and dϕ/dξ are obtained for
0rξr1. As a boundary problem for ﬁnding the eigenfre-
quency Ωi, the determinant Da is computed by ascertaining
whether the boundary conditions at ξ=1 estimated from the
trial solutions are consistent with the corresponding boundary
value conditions in Eqs. (26)–(28). If the trial value of Ωa is
equal to a characteristic eigenvalue of the problem, Da=0; if
not, Daa0. The convergence for Da is checked using the
criterion
jDajr1 108 ð29Þ
If the convergence criterion is not satisﬁed, the above-
mentioned procedures are repeated after increasing the fre-
quency parameter Ωb=ΩaþΔΩ with an increment of ΔΩ. The
value of ΔΩ is set to be three orders of magnitude smaller than
the predetermined frequency parameter. During the trial and
error process, the change in sign for the resulting values of Da
and Db is checked because the sign change implies the
existence of the eigenvalue of Ωi between Ωa and Ωb,
according to the intermediate value theorem. If so, i.e.,
DaDbo0, the Regula–Falsi method is used to calculate an
advanced frequency parameter Ωadv as
Ωadv ¼ ΩajDbjþΩbjDajjDajþjDbj
ð30Þ
until convergence is achieved. A convergence ratio for the
frequency parameters is deﬁned asΩbΩadv
Ωb
r1 105 for Dadv  Dbo0 ð31Þ
The ﬁrst converged value obtained from the numerical
procedures is the frequency parameter of the ﬁrst mode Ωi=1,
and the next trial is performed for predicting frequency
parameters of higher modes by applying ΩiþΔΩ.
A series of convergence analyses were performed to assess
the feasibility of the Runge–Kutta method by varying the step
size Δξ. Fig. 5 shows that for a given example, the method
exhibits good convergence and the results converged for
1/Δξ430. Hence, Δξ¼1/50 is adopted for further numerical
computations.4. Results and discussion
A parametric study was carried out for variations of a, t, s,
Kw, Ks and the ﬁrst ﬁve values of frequency parameters
Ωi (i¼1,2,3,4,5) are computed. The parameters have the
following range: a¼0.05–0.5, t¼0.01–0.2, s¼0.3–0.5, Kw¼
0–10,000, and Ks¼0–10, which were designed to simulate
beams resting on possible subgrade stiffness encountered in
engineering practice.Table 1 presents the frequency parameters Ωi for the beams
on Pasternak foundation with different combinations of inertias
and end constraints. For the second to fourth modes of the
free–free beam, the consideration of rotatory inertia generally
decreases the frequency parameter but the torsional inertia
does not affect the frequency parameter. For the ﬁrst and ﬁfth
modes of the free–free beam, when the effect of torsional
inertia is taken into account, there exists the frequency
parameter. As a result, the vibration characteristics of the
system can be divided into two distinct categories, i.e., ﬂexural
and torsional modes. In the ﬂexural mode it is assumed that the
beam has sufﬁcient rigidity to resist the twist so that, upon
loading, the vibration response is primarily governed by the
bending. In the torsional mode, the opposite is assumed: the
vibration behavior is mainly controlled by the torsion. Simi-
larly, the beams with other ﬁve end constraints vibrate in either
ﬂexural or torsional mode, depending on the mode number. It
is noted that at a given end constraint, the higher mode leads to
higher rate of reduction in the frequency parameter. For
example, in case of the clamped–clamped beam, the reduction
rate is 99.6% (¼0.9057/0.9098) for the ﬁrst mode and is
97.6% (¼3.1427/3.2192) for the ﬁfth mode. Table 1 also
indicates that at a given mode number, the highest frequency
parameters are achieved at the clamped–clamped, followed by
hinged–clamped, hinged–hinged, free–clamped, free–hinged
and free–free. It is apparent that the frequency parameters
presented here are the same as those for the reversed end
constraints (e.g., free–hinged versus hinged–free).
Fig. 6 shows the effect of aspect ratio a on the frequency
parameters Ωi for a beam with free–free ends. Note that the
aspect ratio varies from 0.1 to 0.5 considering the known value
of t¼0.1 and H/Br1 in Eq. (8). The vibration characteristics
of the beams with different mode numbers are as follows: the
ﬁrst mode vibrates in torsional mode; the second to forth
Table 1
Effects of rotator (ψR) and torsional (ψT) inertias on frequency parameter Ωi of
beams with different end constraints.
End constraint Switch
parameter
Frequency parameter Ωi
a,b
ψR ψT i=1 i=2 i=3 i=4 i=5
Free–free 0 0 – 0.6423 0.6514 0.9098 –
1 0 – 0.6423 0.6455 0.8924 –
1 1 0.5774 0.6423 0.6455 0.8924 1.6317
Free–hinged 0 0 0.6455 0.7839 – 1.5254 –
1 0 0.6447 0.7755 – 1.4885 –
1 1 0.6447 0.7755 0.9569 1.4885 2.3608
Free–clamped 0 0 0.6532 0.9027 – 1.8175 –
1 0 0.6519 0.8915 – 1.7716 –
1 1 0.6519 0.8915 0.9569 1.7716 2.3608
Hinged–hinged 0 0 0.7072 1.2738 – 2.4296 –
1 0 0.7044 1.2566 – 2.3695 –
1 1 0.7044 1.2566 1.6317 2.3695 3.1063
Hinged–clamped 0 0 0.7839 1.5254 – 2.8086 –
1 0 0.7804 1.5040 – 2.7398 –
1 1 0.7804 1.5040 1.6317 2.7398 3.1063
Clamped–clamped 0 0 0.9098 – 1.8166 – 3.2192
1 0 0.9057 – 1.7908 – 3.1427
1 1 0.9057 1.6317 1.7908 3.1063 3.1427
aResults for a=0.2, t=0.1, s=0.43, Kw=500 and Ks=0.5.
bBold letters indicate the frequency parameters of beams vibrating in
torsional mode.
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Fig. 6. Ωi versus a for free–free beam.
Fig. 7. Ωi versus t for hinged–hinged beam.
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either the ﬂexural or torsional mode. Namely, the vibration
mode shift is observed at the point of a¼0.172 and Ωi¼1.741
marked by the symbol of ■.
Fig. 7 highlights the effect of thickness ratio t on the
frequency parameters Ωi for a beam with hinged–hinged ends.
In general, the frequency parameter increases as the beam
becomes thicker. At the thickness ratio of o0.2, the vibration
mode shifts are observed for the second to ﬁfth modes. For the
second and fourth modes, the beam vibrates in ﬂexural mode
ﬁrst and then shifts to torsional mode, as the thickness ratio
increases. In contrast, for the third and ﬁfth modes, the beam
vibrates initially in torsional mode and then shifts to ﬂexural
mode. The points of mode shift are denoted by ■. It is also
found that for the ﬁfth mode, there is a thickness ratio
corresponding to peak frequency parameter, which is repre-
sented by ★. This point has been referred to as the dynamic
optimal thickness ratio (Lee et al., 2012), which is the best
thickness ratio for achieving a strongest beam in the corre-
sponding mode number.
Table 2 provides the frequency parameters Ωi for the beams
on Pasternak foundation with different beam stiffnesses s and
end constraints. The frequency parameter increases with an
increasing beam stiffness, irrespective of end constraints. The
effect of beam stiffness is more signiﬁcant for beams vibrating
in higher modes, and is more pronounced for the torsional
mode than for the ﬂexural one. It because the transverse shear
deformation is neglected.
Fig. 8 illustrates a typical relationship between frequency
parameter Ωi and Winkler foundation stiffness Kw for beamson Pasternak foundation with clamped–clamped ends. The
frequency parameter increases monotonically as the Winkler
foundation stiffness increases, irrespective of the vibration
mode. The effect of Winkler foundation stiffness is more
prominent in the lower mode.
Table 3 compares the frequency parameters Ωi for the beams
on Pasternak foundation with shear foundation stiffnesses Ks
and end constraints. When Ks¼0, free vibration of a beam on
Winkler foundation is encountered. Due to the effect of shear
interactions in the Pasternak model, the frequency parameter
increases with an increasing shear foundation stiffness. For the
Table 2
Effect of beam stiffness s on frequency parameter Ωi.
End constraint s Frequency parameter Ωi
a,b
i=1 i=2 i=3 i=4 i=5
Free–free 0.3 0.5774 0.6423 0.6455 0.8903 1.3997
0.35 0.5774 0.6423 0.6455 0.8913 1.4932
0.4 0.5774 0.6423 0.6455 0.8920 1.5812
0.45 0.5774 0.6423 0.6455 0.8926 1.6645
0.5 0.5774 0.6423 0.6455 0.8931 1.7438
Hinged–hinged 0.3 0.7039 1.2414 1.3997 2.3001 2.6147
0.35 0.7042 1.2485 1.4932 2.3321 2.8140
0.4 0.7043 1.2539 1.5812 2.3570 3.0000
0.45 0.7045 1.2582 1.6645 2.3770 3.1536
0.5 0.7046 1.2616 1.7438 2.3934 3.1775
Clamped–clamped 0.3 0.9033 1.3997 1.7621 2.6147 3.0146
0.35 0.9044 1.4932 1.7755 2.8140 3.0882
0.4 0.9052 1.5812 1.7857 3.0000 3.1245
0.45 0.9059 1.6645 1.7938 3.1536 3.1752
0.5 0.9064 1.7438 1.8004 3.1775 3.3412
aResults for a=0.2, t=0.1, Kw=500 and Ks=0.5 with ψR=ψT=1.
bBold letters indicate the frequency parameters of beams vibrating in
torsional mode.
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Table 3
Effect of shear foundation stiffness Ks on frequency parameter Ωi.
End constraint Ks Frequency parameter Ωi
a,b
i=1 i=2 i=3 i=4 i=5
Free–free 0 0.5774 0.6422 0.6455 0.8895 1.6306
2 0.5774 0.6422 0.6455 0.9010 1.6347
4 0.5774 0.6422 0.6455 0.9124 1.6387
6 0.5774 0.6422 0.6455 0.9235 1.6427
8 0.5774 0.6422 0.6455 0.9345 1.6467
10 0.5774 0.6422 0.6455 0.9454 1.6507
Hinged–hinged 0 0.7015 1.2502 1.6306 2.3621 3.1042
2 0.7131 1.2755 1.6347 2.3917 3.1127
4 0.7244 1.3004 1.6387 2.4209 3.1211
6 0.7356 1.3248 1.6427 2.4498 3.1295
8 0.7466 1.3487 1.6467 2.4784 3.1379
10 0.7575 1.3772 1.6507 2.5066 3.1463
Clamped–clamped 0 0.9027 1.6306 1.7852 3.1042 3.1359
2 0.9146 1.6347 1.8076 3.1127 3.1632
4 0.9263 1.6387 1.8298 3.1211 3.1902
6 0.9379 1.6427 1.8516 3.1295 3.2171
8 0.9493 1.6467 1.8732 3.1379 3.2437
10 0.9605 1.6507 1.8946 3.1463 3.2701
aResults for a=0.2, t=0.1, s=0.43, Kw=500 with ψR=ψT=1.
bBold letters indicate the frequency parameters of beams vibrating in
torsional mode.
J.K. Lee et al. / Soils and Foundations 54 (2014) 1202–12111208ﬂexural mode, the effect is more signiﬁcant in the lower mode.
In contrast, for the torsional mode the effect is pronounced in
the higher mode. It is noted that the rate of increase in the
frequency parameter is greater for the ﬂexural mode than for
the torsional mode.
5. Experiment and model validation
Model tests were conducted to study the suitability of the
present analytical model. The model beam–foundation system
was constructed in a natural frequency measurement systemand the test methodology was adopted following Lee et al.
(2008). The experimental results were compared with the
present analysis.
The beam model was made of plastic with dimensions of
50 cm 5 cm 2.5 cm (LBH). The elastic and shear
moduli of the plastic are E¼2.7 and G¼0.96 GPa, respec-
tively and the mass density is ρ¼1450 kg/m3. A sponge
foundation of a thickness Hs¼0.1 m was used, which has
the following mechanical properties: Poisson’s ratio νs¼0.45
and elastic modulus Es¼7 106 GPa. For evaluation of the
Pasternak model parameters of the sponge foundation, a
methodology given by Selvadurai (1979) was used. Based
on the assumption of a linear displacement variation in the
subgrade, the Winkler and shear foundation moduli are as
follows:
kw ¼
Es
Hsð1þνsÞð12νsÞ
ð32Þ
ks ¼
EsHs
6ð1þνsÞ
ð33Þ
where Es is the elastic modulus of the foundation, νs is the
Poisson’s ratio of the foundation, and Hs is the thickness of
foundation. Upon application of the properties of the materials
used to Eqs. (21) and (32),(33), the following dimensionless
parameters are obtained: a=0.1, t=0.05, s=0.356, Kw=8.59
and Ks=5.72 103. From such conditions, the frequency
parameters Ωi are computed, which are converted to the natural
frequencies of the model beams, i.e. f i ¼ ωi=2π ¼
ð1=2πLÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
E=ρ
p
Ωi ¼ 434:4Ωi Hz.
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Fig. 10. Free vibration acceleration spectra of clamped–clamped beam for
beams vibrating in (a) ﬂexural–torsional mode and (b) ﬂexural mode alone.
J.K. Lee et al. / Soils and Foundations 54 (2014) 1202–1211 1209Lee et al. (2008) presented the design and calibration of a
natural frequency measurement system for beams, which was
modiﬁed to measure the natural frequencies of the beams
supported by foundation (see Fig. 9(a)). The following is a
brief review: the measurement system consists of an impact
hamper, a set of miniature piezoelectric accelerometers (A and
B), a signal analyzer, and a PC for data processing. A series of
the shock impacts with the piezoelectric accelerometer B are
created with a hamper hitting 13 reference points, equally
spaced along the beam. The vibrations are then picked up by
the piezoelectric accelerometer A attached to the beam.
The signals are then processed using a custom-developed
software to obtain the frequency spectrum. The peak values of
the spectrum indicate the natural frequencies of the beam. To
measure the natural frequencies for ﬂexural and torsional
vibration, the impact and measurement points apart from the
center line of the beam are taken, as shown in Fig. 9(b).
To measure the natural frequencies for ﬂexural vibration
alone, the points along the center line of the beam are taken,
as shown in Fig. 9(c). Three end constraints of free–
free, hinged–hinged and clamped–clamped were taken in
this study.
Fig. 10 compares the frequency spectra of the clamped–
clamped beam for ﬂexural and torsional mode and ﬂexural
mode alone. The two natural frequencies, f3¼570.4 and
f6¼1275.6, observed in Fig. 10(a) are the torsional frequen-
cies. However, the corresponding natural frequencies are not
detected in Fig. 10(b). The results are summarized in Table 4
in terms of the measured natural frequencies versus the
corresponding natural frequencies predicted by the present
model. Note that the torsional frequencies are denoted as the
bold letters. The results from the present model are in reason-
able agreement with the experimental results.Granite block
Accelerometer A
Accelerometer B Impact hammer
Reference Points(13)
f/h/c f/h/c
Plastic beam
Sponge foundation
Acryl
B
B
AA
Fig. 9. Details of model test: (a) natural frequency measurement system, and methods of exciting (b) ﬂexural–torsional vibration and (c) ﬂexural vibration alone.
Table 4
Comparisons of natural frequencies fi of present study and experiment.
End constraint i Presenta Experimenta Deviationb (%)
Ωi fi (Hz) fi (Hz)
Free–free 1 0.0378 16.4 17 4.3
2 0.3227 140.2 153 8.8
3 0.8679 377.0 351 6.9
4 1.3881 603.0 569 5.7
5 1.6595 720.9 767 6.4
6 2.6618 1156 1066 7.8
7 2.7756 1206 1292 7.2
Hinged–hinged 1 0.1480 64.3 75 16.6
2 0.5615 243.9 262 7.4
3 1.2346 536.3 501 6.5
4 1.3881 603.0 583 3.4
5 2.1347 927.3 1005 8.4
6 2.7756 1206 1262 4.6
7 3.2281 1402 1321 5.8
Clamped–clamped 1 0.3239 140.7 126 10.8
2 0.8733 379.4 406 7.1
3 1.3881 603.0 570 5.4
4 1.6736 727.0 771 6.0
5 2.6890 1168 1054 9.8
6 2.7756 1206 1275 5.7
7 3.8860 1688 1781 5.5
aBold letters indicate the frequency parameters of beams vibrating in
torsional mode.
b|1experiment/present| 100.
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The bending–torsional free vibrations of uniform beams
resting on Pasternak foundation are investigated. A computer
program is coded in FORTRAN to analyze the natural
frequencies of the system. A parameter study is carried out
by controlling the end constraint, the rotatory and torsional
inertias, the aspect ratio, thickness ratio, beam stiffness, and
the foundation stiffness. Validation of the obtained results is
made by comparing them with the data obtained from model
tests. Based on the results, the following conclusions can be
drawn:(1) The natural frequencies of the beam–foundation system are
affected by the end constraints, as expected. This effect is
more predominant than other inﬂuencing factors
considered.(2) In the proposed model, the vibration mode is classiﬁed into
the two distinct groups: ﬂexural and torsional modes. In
the ﬂexural mode, the effect of rotatory inertia reduces the
natural frequencies, which is more signiﬁcant for higher
modes. The natural frequencies for the torsional mode exist
independently.(3) The natural frequencies generally increase with increasing
thickness ratio, and there is dynamic optimal thickness
ratio for the torsional mode, which is the best thickness
ratio for attaining a strongest beam for the vibration.(4) As the Winkler and shear foundation stiffnesses increase,
the frequency parameter increases, irrespective of the
vibration mode.(5) The results of the present model demonstrate good agree-
ment with the results obtained from the experiment on the
plastic beam resting on the sponge foundation.It is believed that the convergence of the proposed model is
time effective. As such, the model is suitable for use with
FORTRAN on a PC to carry out a free vibration analysis of
beams resting on soils. Future research is required to extend
the present study and examine various structural elements such
plates and shells on different soil models.
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